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ABSTRACT
We introduce and start investigating the properties of countably infinite, periodic chains of finite
dimensional generalizations of the exceptional Lie algebras: each exceptional Lie algebra (but g2)
is part of an infinite family of finite dimensional algebras, which we name “Magic Star” algebras.
These algebras have remarkable similarities with many characterizing features of the exceptional Lie
algebras.
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1 Introduction
Operator algebras and their symmetries play a key role in quantum mechanics. In the attempt to
generalize the standard Hilbert space structure of quantum mechanics over the complex numbers C,
Jordan, Wigner and von Neumann [JWVN] classified finite dimensional self-adjoint operator algebras,
nowadays named formally real Jordan algebras. Such a classification singles out the exceptional case
of the Albert algebra (aka exceptional Jordan algebra JO3 ), related to the octonions O [Cy] (firstly
discovered by J. T. Graves in 1843), which form the largest normed division algebra1.
On the other hand, Lie algebras have proven to be crucial in the study of the fundamental inter-
actions of elementary particles, since Gell-Mann’s Eightfold way [GM61] and the discovery of the su3
quark and gluon structures [GM64, Zw64]. All finite dimensional complex simple Lie algebras have
been classified by Killing and Cartan, and their non-compact real forms are known: besides the infinite
classical series an, bn, cn, dn, five exceptional Lie algebras exist: g2, f4, e6, e7 and e8. Along the
years, starting with Gu¨rsey, Ramond et al., these latter have characterized the attempts to formulate
a Grand Unified Theory of elementary particles [GRS]. In such a framework octonions re-appeared
because g2, the smallest exceptional Lie algebra, is their algebra of derivations
2; furthermore, the
next largest exceptional Lie algebra, f4, describes the derivations of the aforementioned Albert algebra
[CS]. In suitable non-compact real forms, all exceptional Lie algebras are used as electric-magnetic
duality (U -duality3) algebras in locally supersymmetric theories of gravity4, and their relation to the
Freudenthal-Rozen-Tits Magic Square was discovered in [GST].
e7 and Lie algebras “of type e7” [Bro] have recently appeared in several indirectly related frame-
works of theoretical physics, such as the minimal coupling of vectors and scalars in cosmology and
supergravity [FK], in gauge and global symmetries in the so-called Freudenthal gauge theory [FGT],
and, by virtue of the so-called black-hole/qubit correspondence (see [BHQIT] for reviews and list of
Refs.), in the entanglement of quantum bits in quantum information theory.
e8, the largest finite dimensional exceptional Lie algebra, plays a crucial role in heterotic string
theory [GHMR], in which the e8 ⊕ e8 even self-dual lattice corresponds to 16 of the 26 dimensions of
the bosonic string. Moreover, in recent times e8 has appeared in other contexts, from mathematics
(computation of the Kazhdan-Lusztig-Vogan polynomials involving e8(8) [Vo]) to experimental physics
(namely, in the cobalt niobate experiment, which is the first actual experiment to detect a phenomenon
that could be modeled using e8 [exp]). After Witten’s formulation of 11-dimensional M -theory [Wi],
1For a review of the corresponding Theorem (due to Hurwitz), see e.g. Th. 1 in [B], and subsequent discussion.
2g2 occurs in a number of other physical contexts, such as, for instance, in the deconfinement phase transitions
[HKPW], in random matrix models [KLR], in matrix models related to D-brane physics [KS], and in Montecarlo analysis
[CDGL].
3Here U -duality is referred to as the “continuous” symmetries of [CJ]. Their discrete versions are the U -duality
non-perturbative string theory symmetries introduced in [HT].
4Some non-compact real forms of exceptional algebras also occur in absence of local supersymmetry (cfr. [MPRR,
MR], and Refs. therein).
the hidden f4 symmetry of the D = 11 supermultiplet was observed by Ramond et al. [PR], and
subsequently further studied by Sati [Sa09, Sa11]. Moreover, JO3 was also speculated to span a special
charge space related to the 11-dimensional lightcone [Ra], since it is naturally endowed with so(9)
and f4 symmetry
5. As far as matrix models are concerned, the BFSS matrix model [BFSS] for M -
theory was reformulated in terms of octonions by Schwarz and Kim in [BS]; later on a Chern-Simons
string matrix model was constructed by Smolin exploiting JO3 [Sm], related to Horowitz and Susskind’s
conjectured “bosonic M -theory” in D = 27 [HS].
In recent years, advances in algebraic geometry, especially related to works by Connes and others
in the realm of noncommutative geometry [Co94, AZ, CDS], conceived spacetime to be an emergent
entity, going beyond Riemannian geometry towards operator algebras. Within this framework, in
which D-branes are described by noncommutative coordinates [BFSS, HW], the usual issues with
Lorentz symmetry are resolved via discretization, yielding to an intrinsically fuzzy geometry [Md].
Remarkably, mathematical objects such as C∗-algebras and K-homology started being used in the
study of D-branes [AST, Sz], also determining the spectral triples of noncommutative geometry and
their relevance to the Standard Model of particle physics [Co95, Co96].
The particular approach to e8 described in a unification model formulated in 2007 by Lisi [Li] (later
discovered to contain various issues [DG]), inspired Truini to rigorously investigate a special star-like
projection - named “Magic Star” - of e8 under a2 [Tr11]. This led to a unified construction and
characterization of all exceptional Lie algebras, filling the fourth row of the Freudenthal-Rozen-Tits
Magic Square [MS]. It was later realized that the Magic Star projection had been actually envisaged
almost ten years before by Mukai, which named it ”g2 decomposition” [Mu] and related it to Legendre
varieties. In Truini’s formulation, the Magic Star enlightens the structural relevance of pairs of Jordan
algebras of degree three (forming Jordan pairs, [Lo]) within each exceptional Lie algebra [Tr11]; this
was further investigated in [Ma14, Ma17], and also led to some interesting insights in supergravity
[Ma13].
Later on, a consistent generalization of exceptional Lie algebras, based on remarkable properties of
the Magic Star projection, was introduced by the present Authors in a contribution to the Proceedings
of the 4th Mile High Conference on Nonassociative Mathematics, held at the University of Denver on
July 29-August 5, 2017 [TRM17]. This resulted in the formulation of the so-called ”Exceptional Pe-
riodicity”, which generalizes exceptional Lie algebras to the so-called “Magic Star algebras” [TRM17]
parametrized by a natural number n ∈ N (named “level” of Exceptional Periodicity), and enjoying a
periodicity (ultimately related to the well known Bott periodicity). In particular, at each level, the
dimension of the Magic Star algebra is finite, raising however the intriguing question of investigating
its n → ∞ limit; it is here worth remarking that Exceptional Periodicity was also inspired by the
structure of certain 3- and 5- gradings of the exceptional Lie algebras, and especially of e8, along with
spinor structures6. More details were presented the year after, in two contributions to the Proceedings
of the 32nd International Colloquium on Group Theoretical Methods in Physics, held in Prague on
July 9-13, 2018 [TRM18, TRM18-2].
The relevance of the Magic Star projection and of Jordan Pairs in the mathematical description
of the fundamental interactions of elementary particles, as well as for an axiomatic formulation of
a consistent theory of quantum gravity, was started to be investigated in [Tr11], and subsequently
discussed in [Ma16] and in [TRM18-2]; recently, a quantum model for the universe at its early stages
(including a mechanism for the creation of space), starting from an initial quantum state and driven
by e8 interactions, was presented by Truini in [Tr19].
The aim of the present paper, which is the first of a series, is to rigorously establish the mathemat-
ical formulation of Exceptional Periodicity7. We will prove the existence of periodic infinite chains of
finite dimensional generalisations of the exceptional Lie algebras. In particular, e8 will be shown to be
5Recently, the maximally non-compact (i.e., split) real form f4(4) has been conjectured as the global symmetry of an
exotic ten-dimensional theory in the context of the study of “Magic Pyramids” [ABDHN, ABDMN].
6Discussion with Eric Weinstein, during the “Advances in Quantum Gravity” symposium, San Francisco, July 2016;
see also [TRM18]
7The relevance of Exceptional Periodicity to super Yang-Mills theories in higher dimensions, as well as to M -theory,
bosonic string theory and Monstrous CFT, has been recently discussed in [RMC19, RMC19-2].
part of an countably infinite family of algebras (named Magic Star algebras), which resemble lattice
vertex algebras. Remarkably, for n = 1, the star-shaped (or g2 decomposition, as Mukai worded it)
structure of known finite dimensional exceptional Lie algebras is recovered.
As it has already been pointed out in [TRM17, TRM18, TRM18-2], it should be remarked that
a key feature of Magic Star algebras is that they are finite dimensional but not of Lie type, namely
that they will not satisfy Jacobi identities anymore; this comes with no surprise, since Cartan-Killing
classification yields that no finite dimensional exceptional Lie algebras larger than e8 exist. Indeed,
within Exceptional Periodicity we will not be dealing with root systems, but rather with “extended”
root systems, which will be thoroughly defined further below.
In this perspective, it can thus be stated that Exceptional Periodicity provides a way to go beyond
e8 which is radically different from the way provided by affine and (extended) Kac-Moody gener-
alizations, such as8 e+8 =: e9, e
++
8 =: e10, e
+++
8 =: e11, which also appeared as symmetries for
(super)gravity models reduced to D = 2, 1, 0 dimensions (see e.g. [Ni, TW]), respectively, as well as
near spacelike singularities in supergravity [Da].
Indeed, while such extensions of e8 are still of Lie type but infinite dimensional [Kac], Magic Star
algebras are not of Lie type, nevertheless they are finite dimensional, for each level of the Exceptional
Periodicity itself. Moreover, they maintain the same structure of the finite dimensional exceptional
Lie algebras with respect to their maximal orthogonal Lie subalgebra with its spinor representations.
We would also like to stress that the product of Magic Star algebras is antisymmetric, and it does
not satisfy the Jacobi identity only in the case in which all three entries lie in the spinorial sector.
This is the price to pay to have a non-trivial algebraic structure in such a sector. Furthermore, Magic
Star algebras provide a generalization of cubic Jordan algebras, consisting in rank-3 matrix algebras
introduced by Vinberg in [Vi]; we will investigate this interesting issue in a forthcoming paper [EP4].
The paper is organized as follows.
In Sec. 2 we recall the standard parametrization of the root system of finite dimensional excep-
tional Lie algebras. Then, in Sec.3 we define the generalized roots of Exceptional Periodicity, by
enforcing a Bott periodicization on a type of representation theoretical decomposition of exceptional
Lie algebras which highlights their spinorial content (anticipated in [TRM17, TRM18-2]); in particu-
lar, we determine the grouping and content of such generalized roots under suitable two-dimensional
projections, which keep the same star-shaped structure of the aforementioned Magic Star projection of
exceptional Lie algebras, while generalizing it in a Bott-periodic and infinitely numerable way (which
keeps finite dimensionality at each level); such a grouping of the generalized roots is reported in five
Tables at the end of the paper. The resulting Magic Star algebras are introduced in Sec. 4 and the
properties of the asymmetry function, which is crucial for their definition, are investigated in Sec.
5. Finally, the derivations and automorphisms of the Magic Star algebras are studied in Sec. 6,
and proved to be given by their orthogonal Lie algebraic component. Some further developments are
recalled and summarized in the concluding considerations in Sec. 7.
2 The standard roots
Let V be a Euclidean space of dimension R and {k1, ..., kR} an orthonormal basis in V . A standard
way of writing the roots of the exceptional Lie algebras is the following, [Bou]:
g2 (12 roots)
±(ki − kj) 1 ≤ i < j ≤ 3
±13(−2ki + ki+1 + ki+2) i = 1, 2, 3 (mod 3)
(2.1)
f4 (48 roots)
±ki i = 1, ..., 4
±ki ± kj 1 ≤ i < j ≤ 4
1
2(±k1 ± k2 ± k3 ± k4)
(2.2)
8For recent development on e11 and beyond, see [BKPPS], and also [Tr19-2].
e6 (72 roots)
±ki ± kj 1 ≤ i < j ≤ 5
1
2(±k1 ± k2 ± k3 ± k4 ± k5 ±
√
3k6) even # of +
(2.3)
e7 (126 roots)
±√2k7
±ki ± kj 1 ≤ i < j ≤ 6
1
2(±k1 ± k2 ± k3 ± k4 ± k5 ± k6 ±
√
2k7) even # of +
1
2
(2.4)
e8 (240 roots)
±ki ± kj 1 ≤ i < j ≤ 8
1
2(±k1 ± k2 ± k3 ± k4 ± k5 ± k6 ± k7 ± k8) even # of +
(2.5)
Note that the roots of g2 and f4 can be obtained from those of e8 by respectively projecting on the
plane spanned by k1 − k2 and k1 + k2 − 2k3, and on the 4-dimensional space spanned by k1, k2, k3, k4.
Moreover one can write the roots of e6 and e7 as a subset of those of e8 as follows:
e6 (72 roots)
±ki ± kj 1 ≤ i < j ≤ 5
1
2(±k1 ± k2 ± k3 ± k4 ± k5 ± (k6 + k7 + k8)) even # of +
(2.6)
e7 (126 roots)
±k7 + k8
±ki ± kj 1 ≤ i < j ≤ 6
1
2(±k1 ± k2 ± k3 ± k4 ± k5 ± k6 ± (k7 + k8)) even # of +
(2.7)
3 Generalized roots and Exceptional Periodicity
We now introduce “generalized” roots, which do not obey the Weyl reflection symmetry, nor that
2
(α, β)
(α, α)
be integer for all roots α, β.
For any n = 1, 2, ... we denote N := 4(n+ 1) and define the generalized roots of e
(n)
8 as:
e
(n)
8 :
±ki ± kj 1 ≤ i < j ≤ N 2N(N − 1) roots
1
2(±k1 ± k2 ± ...± kN ) even # of + 2N−1 roots
(3.1)
Note that this is a root system only in the case n = 1, being e8
(1) = e8.
The “generalized” roots of g
(n)
2 , f
(n)
4 , e
(n)
6 , e
(n)
7 are then obtained by those of e
(n)
8 in a way similar
to the one discussed at the end of Sec. 2. The generalized roots of g
(n)
2 are obtained by projecting
on the space spanned by k1 − k2 and k1 + k2 − 2k3, hence g(n)2 = g2 (i.e., g2 is not generalized in
Exceptional Periodicity); those of f
(n)
4 are the projection on the space spanned by k1, k2, ..., kN−4:
f
(n)
4 :
±ki , ±ki ± kj 1 ≤ i < j ≤ N − 4
1
2(±k1 ± k2 ± ...± kN−4)
(3.2)
and finally:
e
(n)
6 :
±ki ± kj 1 ≤ i < j ≤ N − 3
1
2(±k1 ± k2 ± ...± (kN−2 + kN−1 + kN )) even # of +
(3.3)
e
(n)
7 :
±(kN−1 + kN )
±ki ± kj 1 ≤ i < j ≤ N − 2
1
2(±k1 ± k2 ± ...± (kN−1 + kN )) even # of +
(3.4)
All these sets of generalized roots form a “Magic Star” as reported in figure 1, once projected on
the plane spanned by k1−k2 and k1 +k2−2k3, with subdivision and grouping of the points and center
Figure 1: The Magic Star, in the plane coordinatized by (r, s)
of the star as reported in tables 1, 2, 3, 4, for f
(n)
4 , e
(n)
6 , e
(n)
7 and e
(n)
8 respectively. In the tables, as
well as in figure 1, (r, s) denote the pair of scalar products of each root with k1−k2 and k1 +k2− 2k3,
respectively; furthermore, in table 2 u := kN−2 +kN−1 +kN , while in in table 3 v := kN−1 +kN . As a
consistency check, it should be remarked here that for n = 1 one retrieves the “Magic Star” projection
(or g2 decomposition, as Mukai worded it [Mu]) of finite dimensional exceptional Lie algebras [Tr11]
(cfr. Prop. III.2 below).
By looking at these tables one can readily check that, upon a relabelling of the k’s, e
(n)
6 is the
center of the Magic Star of e
(n)
8 (as reported explicitly in table 5) and that e
(n)
7 = e
(n)
6 ⊕T(r,s)⊕T(−r,−s),
for a fixed pair (r, s) ∈ {(1, 1), (−1, 1), (0,−2)}, where e(n)6 is the center of the Magic Star and T(r,s)
is the (r, s) set of roots in table 4 of e
(n)
8 . The rank of the “Magic Star algebras” g
(n)
2 , f
(n)
4 , e
(n)
6 , e
(n)
7 ,
e
(n)
8 is defined as the dimension of the vector space V spanned by their roots, namely 2, N − 4, N − 2,
N − 1, N respectively. By abuse of definition we shall often say root, for short, instead of generalized
root.
From now on, we will restrict to e
(n)
6 , e
(n)
7 , e
(n)
8 (f
(n)
4 deserves a separate treatment, see [EP3])
and denote by LMS anyone of them, by Φ the set of generalized roots of LMS and by R its rank. We
recall that N = 4(n + 1), n = 1, 2, ..., hence R = N − 2 = 4n + 2 for e(n)6 , R = N − 1 = 4n + 3 for
e
(n)
7 , R = N = 4n+ 4 for e
(n)
8 .
We denote by ΦO and ΦS the following subsets of Φ:
ΦO = {(±ki ± kj) ∈ Φ}
ΦS = {12(±k1 ± k2 ± ...± kN ) ∈ Φ}
(3.5)
Remark 3.1. Notice that ΦO is the root system of dN−3 in the case of e
(n)
6 , of dN−2⊕a1 in the case
of e
(n)
7 and of dN in the case of e
(n)
8 . The corresponding vector spaces of representations in terms of
the level n are respectively given by:
e
(n)
6 : = ψd4n+1 ⊕ (d4n+1 ⊕ C)0 ⊕ ψd4n+1 ; (3.6)
e
(n)
7 : = (d4n+2 ⊕ a1)⊕
(
ψd4n+2 ,2
)
= 1−2 ⊕
(
ψd4n+2
)
−1 ⊕ (d4n+2 ⊕ C)0 ⊕
(
ψd4n+2
)
1
⊕ 12; (3.7)
e
(n)
8 : = d4n+4 ⊕ ψd4n+4 = (6 + 8n)−2 ⊕
(
ψd4n+3
)
−1
⊕ (d4n+3 ⊕ C)0 ⊕
(
ψd4n+3
)
1
⊕ (6 + 8n)2 ,
(3.8)
where ψd4n+1 ≡ 24n, ψd4n+2 ≡ 24n+1, ψd4n+3 ≡ 24n+2 and ψd4n+4 ≡ 24n+3 respectively denote the
Weyl semispinors of d4n+1, d4n+2, d4n+3 and d4n+4. In the suitable real cases, (3.6), (3.7) and (3.8)
respectively determine the 3-grading of e
(n)
6 , the 5-grading (of contact type) of e
(n)
7 , and the 5-grading
(of extended Poincare´ type) of e
(n)
8 ; in turn, for n = 1 these reproduce the graded structure of e6, e7,
and e8, respectively (cfr. [TRM18] for further discussion and details).
Proposition 3.2. For all ρ ∈ ΦO and x ∈ Φ: 2(x, ρ)
(ρ, ρ)
∈ Z and wρ(x) = x − 2(x, ρ)
(ρ, ρ)
ρ ∈ Φ (the set of
generalized roots is closed under the Weyl reflections by all ρ ∈ ΦO). The set of generalized roots is
closed under the Weyl reflections by all ρ ∈ Φ if and only if n = 1.
Proof. If ρ ∈ ΦO then (ρ, ρ) = 2 and (x, ρ) ∈ {0,±1,±2}, hence 2(x, ρ)
(ρ, ρ)
∈ Z and wρ(x) = x− (x, ρ)ρ.
If (x, ρ) = 0 then wρ(x) = x ∈ Φ. If (x, ρ) = ±1 then wρ(x) = x ∓ ρ ∈ Φ as we shall prove in
proposition 3.5. If (x, ρ) = ±2 then ρ = ±x and wρ(x) = −x ∈ Φ. Suppose now that both x, ρ ∈ ΦS
and write x = 12
∑
λiki, ρ =
1
2
∑
µiki where λi, µi ∈ {−1, 1}. We can certainly pick an x such that
(x, ρ) = −n which occurs whenever for two indices j, ` λj = µj and λ` = µ` while λi = −µi for i 6= j, `.
Hence wρ(x) = x + 2
n
n+ 1
ρ = 12
∑
νiki. We have that |νj | =
∣∣∣∣λj + 2 nn+ 1µj
∣∣∣∣ = 3n+ 1n+ 1 ≥ 2 and
|νj | = 2 if and only if n = 1, in which case Φ is the root system of a simple Lie algebra. For n > 1
there is no root with such a coefficient νj . 
It should be pointed out that the level n parametrizes the mod.8 Bott periodicity of the Clifford
structures (cfr. e.g. [DFLV] and Refs. therein) corresponding to the generalized roots ΦS , which sit
into a (semi)spinor representation of the orthogonal Lie algebra whose ΦO is the root lattice. Such a
mod. 8 periodicity in the framework of the generalization of exceptional Lie algebras provided by per-
sistence of the Magic Star projection, justifies the name “Exceptional Periodicity” which we adopted
since [TRM17] to describe this mathematical framework.
We introduce the basis ∆ = {α1, ..., αR} of Φ, with αi = ki − ki+1 , 1 ≤ i ≤ R − 2, αR−1 =
kR−2 + kR−1 and αR = −12(k1 + k2 + ...+ kN ); we order ∆ by setting αi < αi+1:
∆ = {k1 − k2 < k2 − k3 < ... < kR−2 − kR−1 < kR−2 + kR−1 < − 12(k1 + k2 + ...+ kN )} (3.9)
Proposition 3.3. The set ∆ in (3.9) is a set of simple generalized roots, by which we mean:
i) ∆ is a basis of the Euclidean space V of finite dimension R;
ii) every root β can be written as a linear combination of roots of ∆ with all positive or all negative
integer coefficients: β =
∑
`iαi with `i ≥ 0 or `i ≤ 0 for all i.
Proof. The set ∆ = {α1, ..., αR} is obviously a basis in V . Let u = kN−2 +kN−1 +kN , kN−1 +kN , kN
for e
(n)
6 , e
(n)
7 , e
(n)
8 respectively. We have:
kR−1 = 12(αR−1 − αR−2)
ki = αi + ki+1 =
∑R−2
`=i α` +
1
2(αR−1 − αR−2) , 1 ≤ i ≤ R− 2
u = −2αR −
∑R−2
`=1 `α` − R−12 (αR−1 − αR−2)
(3.10)
from which we obtain, for 1 ≤ i < j ≤ R− 1 and forcing ∑s`=r α` = 0 if r > s:
ki + kj =
∑R−3
`=i α` +
∑R−2
`=j α` + αR−1
ki − kj =
∑j−1
`=i α`
 1 ≤ i < j ≤ R− 1 (3.11)
for e
(n)
7 , namely for R = N − 1 = 4n+ 3 and u = kN−1 + kN :
−u = 2αR +
∑R−3
`=1 `α` + 2nαR−2 + (2n+ 1)αR−1 , for e
(n)
7
(3.12)
for e
(n)
8 , namely for R = N :
±ki − kN = 2αN +
∑i−1
`=1 `α` +
∑N−3
`=i (`± 1)α` + (2n+ 1±12 )αN−2
+(2n+ 1 + 1±12 )αN−1 , i ≤ N − 2
±kN−1 − kN = 2αN +
∑N−3
`=1 `α` + (2n+
1∓1
2 )αN−2 + (2n+ 1 +
1±1
2 )αN−1
(3.13)
We see that all the roots in (3.11),(3.12),(3.13) are the sum of simple roots with all positive integer
coefficients. These are half of the roots in ΦO and they are all positive roots.
The rest of the roots in ΦO are negative and they are obviously the sum of simple roots with integer
coefficients that are all negative.
Finally all the roots in ΦS that contain −12u can be obtained from αR by flipping an even number of
signs and this is done by adding to αR a certain number of terms of the type ki+kj , 1 ≤ i < j ≤ R−1.
These are all positive roots, a half of the roots in ΦS and are linear combination of simple roots with
integer coefficients that are all positive.
The negative roots are similarly obtained by adding to −αN a certain number of terms of the type
−(ki+kj), 1 ≤ i < j ≤ R−1, and are linear combination of simple roots with integer coefficients that
are all negative. 
Remark 3.4. A consequence of the proof of Proposition 3.3 is that for all roots β =
∑R
i=1miαi the
coefficient mR is such that:
mR ∈ {0,±2} if β ∈ ΦO
mR = ±1 if β ∈ ΦS (3.14)
Proposition 3.5. For each α ∈ ΦO, β ∈ Φ the scalar product (α, β) ∈ {±2,±1, 0}; α+β ( respectively
α−β) is a root if and only if (α, β) = −1 (respectively +1); if both α+β and α−β are not in Φ∪{0}
then (α, β) = 0.
For each α, β ∈ ΦS the scalar product (α, β) ∈ {±(n + 1),±n,±(n − 1), ..., 0}; α + β ( respectively
α− β) is a root if and only if (α, β) = −n (respectively +n).
For α, β ∈ Φ if α+ β is a root then α− β is not a root.
Proof. If both α, β ∈ ΦO the proof of the whole Proposition follows from the fact that ΦO ⊆ ΦdN ,
where ΦdN is the root system of dN, which is a simply laced Lie algebra. If α ∈ ΦO, β ∈ ΦS then
(α, β) ∈ {±1, 0}, as a trivial computation explicitly shows. Moreover, let us write α = σiki+σjkj , i <
j, σi,j ∈ {−1, 1}. Then (α, β) = −1 if and only if β = 12(±k1± ...−σiki± ...−σjkj± ...±kN ), which is
true if and only if α+ β ∈ Φ (in particular α+ β ∈ ΦS). Similarly (α, β) = 1 if and only if α− β ∈ Φ.
As a consequence, if both α±β /∈ Φ∪{0} then (α, β) 6= ±1 and also (α, β) 6= ±2 because (α, β) = ±2
if and only if α = ±β; therefore (α, β) = 0.
If both α, β ∈ ΦS , then all their signs but an even number 2m must be equal, m = 0, ..., N/2 = 2(n+1)
and we get (α, β) = 14(N − 2m− 2m) = n+ 1−m = n+ 1, n, n− 1, ...,−(n+ 1) for m = 0, ..., 2(n+ 1).
Moreover, since ±ki ± ki ∈ {0,±2ki} , i = 1, ...N then α + β ∈ Φ if and only if all signs are opposite
but 2 (in which case α+ β is actually in ΦO) and this is true if and only if (α, β) = −14(N − 4) = −n.
Similarly (α, β) = n if and only if α − β ∈ Φ. The last statement of the Proposition follows trivially.

4 The Magic Star algebra LMS
We define the Magic Star algebra LMS (as before LMS is either e(n)6 or e(n)7 or e(n)8 ) by extending the
construction of a Lie algebra from a root system, [Ca] [Hu] [deGr]. In particular, we generalize the
algorithm in [deGr] for simply laced Lie algebras, since also in our set of generalized roots the β chain
through α, namely the set of roots α+ cβ, c ∈ Z, has length one.
We give LMS an algebra structure of rank R over a field extension F of the rational integers Z in
the following way9:
a) we select the set of simple generalized roots ∆ = {α1, ..., αR} of Φ
b) we select a basis {h1, ..., hR} of the R-dimensional vector space H over F and set hα =
∑R
i=1 cihi
for each α ∈ Φ such that α = ∑Ri=1 ciαi
c) we associate to each α ∈ Φ a one-dimensional vector space Lα over F spanned by xα
d) we define LMS = H
⊕
α∈Φ Lα as a vector space over F
e) we give LMS an algebraic structure by defining the following multiplication on the basis BLMS =
{h1, ..., hR}∪{xα | α ∈ Φ}, extended by linearity to a bilinear multiplication LMS×LMS → LMS:
[hi, hj ] = 0 , 1 ≤ i, j ≤ R
[hi, xα] = −[xα, hi] = (α, αi)xα , 1 ≤ i ≤ R , α ∈ Φ
[xα, x−α] = −hα
[xα, xβ] = 0 for α, β ∈ Φ such that α+ β /∈ Φ and α 6= −β
[xα, xβ] = ε(α, β)xα+β for α, β ∈ Φ such that α+ β ∈ Φ
(4.1)
where ε(α, β) is the asymmetry function, introduced in [Kac], see also [deGr], defined as follows:
Definition 4.1. Let L denote the lattice of all linear combinations of the simple generalized roots with
integer coefficients
L =
{
R∑
i=1
ciαi | ci ∈ Z , αi ∈ ∆
}
(4.2)
the asymmetry function ε(α, β) : L× L→ {−1, 1} is defined by:
ε(α, β) =
R∏
i,j=1
ε(αi, αj)
`imj for α =
R∑
i=1
`iαi , β =
R∑
j=1
mjαj (4.3)
where αi, αj ∈ ∆ and
ε(αi, αj) =

−1 if i = j
−1 if αi + αj is a root and αi < αj
+1 otherwise
(4.4)
Note that (3.6)-(3.8) exhibit Bott periodicity (due to the increasing mod. 4 of the rank of the
corresponding lattice, or equivalently to the increasing mod.8 of the argument of the corresponding
d-type Lie algebra). The commutation relations of the corresponding generators are given in terms
of the asymmetry function defined in Definition 4.1. It is here worth anticipating that Magic Star
algebras LMS are not simply non-reductive, spinorial extensions of Lie algebras, but rather they are
characterized by a non-translational (i.e., non-Abelian) nature of their spinorial sector; this implies
that they are Lie algebras only for n = 1, i.e. at the trivial level of Exceptional Periodicity, whereas
for n > 2 they are not Lie algebras, because the Jacobi identity is violated in the spinorial sector itself
(for this, we address the reader to the discussion in [EP2]).
9Specifically, we will take F to be the complex field C.
5 Properties of the asymmetry function
We now show some properties of the asymmetry function ε(α, β) : L×L→ {−1, 1}, that is crucial in
the definition of the algebra LMS. In particular we show that, for α, β, α+ β ∈ Φ, ε(α, β) = −ε(β, α)
which implies that the bilinear product (4.1) is antisymmetric.
Proposition 5.1. The asymmetry function ε satisfies, for α, β, γ, δ ∈ L, α = ∑miαi and β = ∑niαi:
i) ε(α+ β, γ) = ε(α, γ)ε(β, γ)
ii) ε(α, γ + δ) = ε(α, γ)ε(α, δ)
iii) ε(α, α) = (−1) 12 (α,α)−m2R n−12
iv) ε(α, β)ε(β, α) = (−1)(α,β)−mRnR(n−1)
v) ε(0, β) = ε(α, 0) = 1
vi) ε(−α, β) = ε(α, β)−1 = ε(α, β)
vii) ε(α,−β) = ε(α, β)−1 = ε(α, β)
Proof. The first two properties follow directly from the definition. In order to prove iii) we first
notice that for αi, αj ∈ ∆ , i 6= j, (αi, αj) ∈ {0,−1}. Therefore:
ε(α, α) =
∏
1≤i,j≤R ε(αi, αj)
mimj =
∏
1≤i<j≤R(−1)mimj(αi,αj)
∏
1≤i≤R(−1)m
2
i
= (−1)
∑
1≤i<j≤Rmimj(αi,αj)+
1
2
∑
1≤i≤Rm
2
i (αi,αi)− 12
∑
1≤i≤Rm
2
i ((αi,αi)−2)
= (−1) 12 (α,α)− 12m2R((αR,αR)−2) = (−1) 12 (α,α)−m2R n−12
(5.1)
Property iv) follows from iii) by replacing α with α + β and using the first two. If α =
∑
miαi,
β =
∑
niαi and α+ β =
∑
`iαi =
∑
(mi + ni)αi we get:
ε(α+ β, α+ β) = (−1) 12 (α+β,α+β)−`2R n−12 = (−1) 12 (α,α)+ 12 (β,β)+(α,β)−`2R n−12
= (−1) 12 (α,α)−m2R n−12 (−1) 12 (β,β)−n2R n−12 ε(α, β)ε(β, α)
(5.2)
from which the property follows. Property v) is a trivial consequence of the definition, whereas prop-
erties vi) and vii) follow from property v) together with i) and ii). 
Proposition 5.2. If α, β, α+ β ∈ Φ then:
i) ε(α, α) = −1 α ∈ Φ
ii) ε(α, β) = −ε(β, α) α, β, (α+ β) ∈ Φ antisymmetry
iii) ε(α, β) = ε(β, α+ β) if α, α+ β ∈ Φ , β ∈ L
iv) ε(α, β) = ε(β, α− β) if α, α− β ∈ Φ , β ∈ L
Proof. By Remark 3.4 if α ∈ ΦO then (α, α) = 2 and m2R/2 is even, hence ε(α, α) = −1. If α ∈ ΦS
then (α, α) = n + 1 and m2R = 1. Therefore if (−1)
1
2
(α,α)−m2R n−12 = (−1) 12 (n+1−n+1) = −1. As a
consequence, if α, β, α+ β ∈ Φ, then −1 = ε(α+ β, α+ β) = ε(α, β)ε(β, α), hence ε(α, β) = −ε(β, α)
Finally we prove iii) - a similar proof holds for iv) -:
ε(α, β) = ε(α, α− α+ β) = ε(α, α)ε(α, α+ β) = −ε(α+ β − β, α+ β) = ε(β, α+ β)

6 Derivations and automorphisms of the Magic Star algebra LMS
We will now begin to study the properties of the novel mathematical entity given by the Magic Star
algebra LMS introduced in previous Sections. To this end, in the present Section we prove that the
inner derivations (or, at group level, the inner automorphisms) of the Magic Star algebra LMS are, in
the simply laced case under consideration, given by its orthogonal Lie subalgebra.
Let us denote by D the LMS Lie subalgebra dN−3 if LMS = e(n)6 , dN−2 ⊕ a1 if LMS = e(n)7 , dN
if LMS = e(n)8 , spanned by {xα , α ∈ ΦO}; see Remark 3.1.
We know that for n = 1, namely LMS = e6, e7, e8, the adjoint action adx : y → [x, y] is a derivation
of the algebra LMS (and hence exp(ζadx) is an automorphism of LMS). This is due to the Jacobi
identity. We have the following result in the case n > 1:
Proposition 6.1. For n > 1 the adjoint action adx : y → [x, y] is a derivation of the algebra LMS
(and hence exp(ζadx) is an automorphism of LMS) if and only if x ∈ D.
Proof. By the linearity of the adjoint action it is sufficient to prove the proposition for basis elements
X0 of the algebra D and basis elements X1, X2 of LMS, and it amounts to the Jacobi identity:
J0 + J1 + J2 = 0 , J` := [[X`, X`+1], X`+2] (indices mod 3)
X` ∈ BLMS , ` = 0, 1, 2 , X0 ∈ D
(6.1)
The identity is trivial if all the X`’s are in H. If 2 of them are in H and 1 is not it amounts to
[[hi, xα], hj ] = [[hj , xα], hi], which holds since both members are equal to −(α, αi)(α, αj). If only one
of the X`’s is in H and 2 are not then:
a1) if α+ β ∈ Φ the Jacobi identity is equivalent to the identity:
ε(α, β)(α, αi)− (α+ β, αi)ε(α, β) + (β, αi)ε(α, β) = 0;
a2) if α = −β the Jacobi identity is equivalent to (α, αi)− (α, αi) = 0;
a3) if α+ β /∈ Φ ∪ {0} then the Jacobi identity is trivially satisfied.
From now on none of the X`’s is in H. Set X0 = xα, α ∈ ΦO, X1 = xβ, X2 = xγ so that
J0 = [[xα, xβ], xγ ], J1 = [[xβ, xγ ], xα], J2 = [[xγ , xα], xβ].
If none of the sums α + β, α + γ, β + γ is in Φ nor is 0, then J0 + J1 + J2 = 0. Also if any
two roots are equal then J0 + J1 + J2 = 0. In fact [[xα, xβ], xα] + [[xβ, xα], xα] + [[xα, xα], xβ] =
[[xα, xβ], xα]− [[xα, xβ], xα] = 0
From now on at least one of α+ β, α+ γ, β + γ is in Φ∪ {0}. Suppose first that α+ β = 0. Then
J0 = −(γ, α)xγ and we have the following possibilities:
b1) if α+ γ = 0 or α− γ = 0 then either β = γ or α = γ in which case the Jacobi identity becomes
trivial;
b2) if α + γ ∈ Φ then γ − β = γ + α ∈ Φ, therefore γ + β /∈ Φ ∪ {0} and J1 = 0. We get
J2 = ε(γ, α)ε(α + γ,−α)xγ = ε(α,−α)xγ = −xγ (because of Propositions 5.1 and 5.2) and
J0 = −(γ, α)xγ = xγ hence Jacobi is verified;
b3) if α− γ ∈ Φ the proof is similar to b2);
b4) if both α±γ /∈ Φ∪{0} then (α, γ) = 0, by Proposition 3.5 being α ∈ ΦO, hence J0 = J1 = J2 = 0.
Similarly if we suppose α+ γ = 0.
Suppose now β + γ = 0. Then J1 = −(α, β)xα and we have the following possibilities:
c1) if α+ β = 0 or α− β = 0 then either α = β or α = γ in which case the Jacobi identity becomes
trivial;
c2) if α + β ∈ Φ then α − β = α + γ /∈ Φ ∪ {0} and J2 = 0. We get J0 = ε(α, β)ε(α + β, γ)xα =
ε(β,−β)xα = −xα (because of Propositions 5.1 and 5.2) and J1 = −(α, β)xα = xα, since
α ∈ ΦO, and Jacobi is verified;
c3) if α− β ∈ Φ the proof is similar to c2);
c4) if both α±β /∈ Φ∪{0} then (α, β) = 0, by Proposition 3.9 being α ∈ ΦO, hence J0 = J1 = J2 = 0.
From now on α, β, γ ∈ Φ and α 6= ±β 6= ±γ 6= ±α.
If α+β+ γ /∈ Φ∪{0} then J0 = J1 = J2 = 0. Consider [[xα, xβ], xγ ]. If [xα, xβ] = 0 the statement
is proven, otherwise [xα, xβ] = ε(α, β)xα+β. Now [xα+β, xγ ] = 0 because (α + β) + γ /∈ Φ and the
statement is proven.
From now on α, β, γ ∈ Φ, α 6= ±β 6= ±γ 6= ±α and α+ β + γ ∈ Φ ∪ {0}.
d1) Take first α + β + γ = 0. Since −α ∈ Φ, −α = β + γ ∈ Φ and similarly for −β, −γ. Therefore
(α + β), (β + γ), (α + γ) ∈ Φ and J0 = −ε(α, β)(hα + hβ), J1 = −ε(β, γ)(hβ + hγ) = ε(β, γ)hα,
J2 = −ε(γ, α)(hα + hγ) = ε(γ, α)hβ. By Proposition 5.2 and α + β + γ = 0 we get ε(α, β) =
ε(−β−γ, β) = −ε(γ, β) = ε(β, γ) and also ε(α, β) = ε(α,−α−γ) = ε(γ, α) and J0 +J1 +J2 = 0.
From now on
α, β, γ, α+ β + γ ∈ Φ ; α 6= ±β 6= ±γ 6= ±α
and at least one of α+ β, β + γ, α+ γ is in Φ
(6.2)
d2) By Proposition 6.2 the conditions (6.2) imply that exactly two of α + β, β + γ, α + γ are in Φ.
Suppose α+ β, β + γ ∈ Φ then
[[xα, xβ], xγ ] + [[xβ, xγ ], xα] =
ε(α, β)ε(α, γ)ε(β, γ) + ε(β, γ)ε(β, α)ε(γ, α) =
ε(α, β)ε(β, γ)(ε(α, γ)− ε(γ, α))
(6.3)
By iv) of Proposition 5.1 plus Proposition 3.5 and Remark 3.4 we have ε(α, γ)ε(γ, α) = (−1)(α,γ)
if α ∈ ΦO. We now prove that (α, γ) = 0 hence ε(α, γ) = ε(γ, α). Since α + γ /∈ Φ and
α ∈ ΦO we have (α, γ) ∈ {0, 1}. Suppose (α, γ) = 1. Then (α + β, γ) ∈ {−1,−n} and also
(α+ β, γ) = (α, γ) + (β, γ) = 1 + (β, γ). If β or γ are in ΦO then (β, γ) = −1 and we get a con-
tradiction. If both β, γ ∈ ΦS then (β, γ) = −n and also (α+ β, γ) = −n, again a contradiction.
So (α, γ) = 0 and (6.3) is zero.
Similarly if α+ γ, β + γ ∈ Φ.
Suppose α+ β, α+ γ ∈ Φ then
[[xα, xβ], xγ ] + [[xγ , xα], xβ] =
−ε(α, β)ε(γ, α)ε(β, γ) + ε(γ, α)ε(γ, β)ε(α, β) =
ε(α, β)ε(γ, α)(ε(γ, β)− ε(β, γ))
(6.4)
By iv) of Proposition 5.1 plus Proposition 3.5 and Remark 3.4 we have ε(β, γ)ε(γ, β) =
(−1)(β,γ)−mNnN (n−1). If β ∈ ΦO or γ ∈ ΦO then ε(β, γ)ε(γ, β) = (−1)(β,γ) and (β, γ) ∈ {0, 1}.
Suppose (β, γ) = 1. Then either α+γ ∈ ΦO or β ∈ ΦO and (α+γ, β) = −1; but also (α+γ, β) =
(α, β)+(γ, β) = −1+1 = 0, a contradiction. If both β, γ ∈ ΦS then (α+γ, β) = −n and (α, β) =
−1. So (β, γ) = −(n − 1) and ε(β, γ)ε(γ, β) = (−1)(β,γ)−mRnR(n−1) = (−1)−(n−1)±(n−1) = 1,
therefore ε(β, γ) = ε(γ, β) and (6.4) is zero.
We now show that for any xα ∈ ΦS there exist xβ, xγ ∈ ΦS such that [[xα, xβ], xγ ] + [[xβ, xγ ], xα] +
[[xγ , xα], xβ] 6= 0.
Let α = 1
2
∑
λiki, λi ∈ {−1, 1}, and for a fixed set of different indices {j, `,m, r, s, t} let β =
λjkj + λ`k` − α, γ = −λjkj − λ`k` − λmkm − λrkr − λsks − λtkt + α; then α, β, γ ∈ Φ, α + β ∈ Φ,
α+β+γ = λjkj+λ`k`+γ ∈ Φ but β+γ, γ+α /∈ Φ unless N = 8, namely n = 1 (in which case γ+α ∈ Φ)
which is excluded in the hypothesis. We thus have [[xα, xβ], xγ ] + [[xβ, xγ ], xα] + [[xγ , xα], xβ] =
[[xα, xβ], xγ ] = ε(α, β)ε(α+ β, γ) 6= 0.
Finally, the fact that exp(adx) is an automorphism if adx is a derivation is a classical result that
we recall here.
First of all we notice that adx is nilpotent. Let δ be a nilpotent derivation of LMS: δr = 0 for some
r. Then
exp δ = 1 + δ +
δ2
2!
+ ...+
δr−1
(r − 1)! (6.5)
and
δ[x, y] = [δx, y] + [x, δy] , x, y ∈ LMS (6.6)
imply:
1
s!
δs[x, y] =
1
s!
s∑
i=0
(
s
i
)
[δix, δs−iy] =
s∑
i=0
[
δix
i!
,
δs−iy
(s− i)!
]
=
∑
i,j
i+j=s
[
δix
i!
,
δjy
j!
]
(6.7)
hence
exp δ[x, y] =
∑
s≥0
∑
i,j
i+j=s
[
δix
i!
,
δjy
j!
]
=
∑
i≥0
∑
j≥0
[
δix
i!
,
δjy
j!
]
= [exp δx, exp δy]
(6.8)
We have used the fact that δt = 0 for t ≥ r implies ∑i,j [δixi! , δjyj!
]
= 0 if i+ j ≥ r.
This ends the proof of Proposition 6.1. 
Proposition 6.2. Let α, β, γ ∈ Φ, α 6= ±β 6= ±γ 6= ±α, one of which is in ΦO and let α+β ∈ Φ and
α+ β + γ ∈ Φ. Then one and only one of (β + γ), (α+ γ) must be in Φ.
Proof. We will make extensive use of Proposition 3.5.
Suppose both (β + γ), (α+ γ) be not in Φ.
If γ ∈ ΦO then (β, γ), (α, γ) ∈ {0, 1}, but (α+ β, γ) = −1 = (α, γ) + (β, γ), which is impossible.
If α, β ∈ ΦO and γ ∈ ΦS then, as before, (β, γ), (α, γ) ∈ {0, 1}, but (α+ β, γ) = −1 = (α, γ) + (β, γ),
which is impossible.
If α ∈ ΦO and β, γ ∈ ΦS then (α + β) ∈ ΦS and (α + β, γ) = −n = (α, γ) + (β, γ), (α, γ) ∈ {0, 1}.
But (α, γ) = 0 implies β + γ ∈ Φ and (α, γ) = 1 implies (β, γ) = −(n+ 1) hence β = −γ, which both
contradict the hypothesis.
Similarly if β ∈ ΦO and α, γ ∈ ΦS .
Finally suppose that both (β + γ), (α+ γ) ∈ Φ and denote by s0, s1, s2 the scalar products (α+ β, γ),
(α, γ), (β, γ), respectively. Since by hypothesis these are all scalar products of roots whose sum is a
root, we have by Proposition 3.5: si ∈ {−1,−n}, i = 0, 1, 2 and s0 = s1 + s2 ∈ {−2,−n − 1,−2n}.
This is only possible for n = 2 and s0 = −2, s1 = s2 = −1 which implies α + β, γ ∈ ΦS . But
(α, γ) = (β, γ) = −1, (β + γ), (α + γ) ∈ Φ and γ ∈ ΦS imply α, β ∈ ΦO hence (α + β) ∈ ΦO, a
contradiction.
Viceversa it is always possible to find three roots satisfying the hypothesis of the Proposition such
that only two sums of two of them are roots. 
7 Further Developments
The non-Lie, countably infinite chains of finite dimensional generalizations of the exceptional Lie
algebras provided by Magic Star algebras pave the way to a number of interesting mathematical
developments. Below, we list some of the ones which we plan to report on in the near future.
In the forthcoming papers [EP2]-[EP4], we will analyze the algebraic structures of the star-shaped
projection of Magic Star algebras; remarkably, such structures turn out to be the Hermitian part
of the rank-3 matrix algebras introduced by Vinberg in [Vi]. Therefore, Exceptional Periodicity not
only generalizes exceptional Lie algebras, but also cubic Jordan algebras (and in particular the Albert
algebra). Then, we will consider the gradings of Magic Star algebras and the corresponding algebraic
structures, which in turn generalize Jordan pairs and Freudenthal triple systems. We will also analyze
the non-Lie nature of Magic Star algebras, in particular the subsectors of such algebras which violate
the Jacobi identity; we anticipate that such a violation occurs due to the non-trivial (i.e. non-Abelian)
nature of the spinorial subsector of the Magic Star algebras.
An interesting line of research stemming from Exceptional Periodicity pertains to study the higher
dimensional weight vectors of algebras akin to lattice vertex algebras (the original motivation for
Borcherds’ definition of vertex algebras), that project to a star-shaped, Bott-periodic Magic Star
structure. As we have seen, Magic Star algebras are crucially defined by the so-called asymmetry
function, which acts like the cocycle of a lattice vertex algebra which gives a twisted group ring C[Λ]
over an even lattice Λ. Correspondingly, the Magic Star algebras span higher-dimensional lattices,
beyond that of the self-dualD = 8 lattice of e8, and thus they potentially allow to probe the symmetries
of the heterotic string and moonshine, as well as to formulate a matrix algebra generalization of
noncommutative geometry. Remarkably, Exceptional Periodicity provides a novel algebraic method
for studying even self-dual lattices, such as the e8 ⊕ e8 and Leech lattices, which already have a well
known connection to the Monster vertex algebra and D = 24 bosonic string compactifications.
Of course, there are also several topics that we are planning to develop in the future, which are
strictly related to Quantum Gravity. In particular, a model for interactions based on Exceptional
Periodicity which includes gravity and the expansion of space-time. We aim at a new perspective of
elementary particle physics at the early stages of the Universe based on the idea that interactions,
defined in a purely algebraic way, are the fundamental objects of the theory, whereas space-time, hence
gravity, are derived structures. With an infinite family of new algebras that extend the exceptional
Lie algebras, Exceptional Periodicity and Magic Star algebras give a fresh new toolkit for studying
emergent spacetime and Quantum Gravity, in dimensions beyond those previously explored, using
spectral techniques applied to an infinite class of cubic Hermitian matrix algebras.
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generalized roots (r, s) # of roots
±(k1 − k2) ±(2, 0) 2
±(k2 − k3) ±(−1, 3) 2
±(k3 − k1) ±(−1,−3) 2
±ki , ±ki ± kj 4 ≤ i < j ≤ N − 4 2(N − 7)2
(0, 0)
1
2(±(k1 + k2 + k3)± k4 ± ...± kN−4) 2N−6
k1 + k2 , −k3 , −k3 ± ki i = 4, ..., N − 4 2N − 12
(0, 2)
1
2(k1 + k2 − k3 ± k4 ± ...± kN−4) 2N−7
−k1 − k2 , k3 , k3 ± ki i = 4, ..., N − 4 2N − 12
(0,−2)
1
2(−k1 − k2 + k3 ± k4 ± ...± kN−4) 2N−7
−k2 − k3 , k1 , k1 ± ki i = 4, ..., N − 4 2N − 12
(1, 1)
1
2(k1 − k2 − k3 ± k4 ± ...± kN−4) 2N−7
k2 + k3 , −k1 , −k1 ± ki i = 4, ..., N − 4 2N − 12
(−1,−1)
1
2(−k1 + k2 + k3 ± k4 ± ...± kN−4) 2N−7
−k1 − k3 , k2 , k2 ± ki i = 4, ..., N − 4 2N − 12
(−1, 1)
1
2(−k1 + k2 − k3 ± k4 ± ...± kN−4) 2N−7
k1 + k3 , −k2 , −k2 ± ki i = 4, ..., N − 4 2N − 12
(1,−1)
1
2(k1 − k2 + k3 ± k4 ± ...± kN−4) 2N−7
Table 1: The Magic Star for f
(n)
4
generalized roots (r, s) # of roots
±(k1 − k2) ±(2, 0) 2
±(k2 − k3) ±(−1, 3) 2
±(k3 − k1) ±(−1,−3) 2
±ki ± kj 4 ≤ i < j ≤ N − 3 2(N − 6)(N − 7)
(0, 0)
1
2(±(k1 + k2 + k3)± k4 ± ...± u) even # of + 2N−5
k1 + k2 , −k3 ± ki i = 4, ..., N − 3 2N − 11
(0, 2)
1
2(k1 + k2 − k3 ± k4 ± ...± u) even # of + 2N−6
−k1 − k2 , k3 ± ki i = 4, ..., N − 3 2N − 11
(0,−2)
1
2(−k1 − k2 + k3 ± k4 ± ...± u) even # of + 2N−6
−k2 − k3 , k1 ± ki i = 4, ..., N − 3 2N − 11
(1, 1)
1
2(k1 − k2 − k3 ± k4 ± ...± u) even # of + 2N−6
k2 + k3 , −k1 ± ki i = 4, ..., N − 3 2N − 11
(−1,−1)
1
2(−k1 + k2 + k3 ± k4 ± ...± u) even # of + 2N−6
−k1 − k3 , k2 ± ki i = 4, ..., N − 3 2N − 11
(−1, 1)
1
2(−k1 + k2 − k3 ± k4 ± ...± u) even # of + 2N−6
k1 + k3 , −k2 ± ki i = 4, ..., N − 3 2N − 11
(1,−1)
1
2(k1 − k2 + k3 ± k4 ± ...± u) even # of + 2N−6
Table 2: The Magic Star for e
(n)
6 ; u := kN−2 + kN−1 + kN
generalized roots (r, s) # of roots
±(k1 − k2) ±(2, 0) 2
±(k2 − k3) ±(−1, 3) 2
±(k3 − k1) ±(−1,−3) 2
±v (v := kN−1 + kN ) , ±ki ± kj 4 ≤ i < j ≤ N − 2 2(N2 − 11N + 31)
(0, 0)
1
2(±(k1 + k2 + k3)± k4 ± ...± v) even # of + 2N−4
k1 + k2 , −k3 ± ki i = 4, ..., N − 2 2N − 9
(0, 2)
1
2(k1 + k2 − k3 ± k4 ± ...± v) even # of + 2N−5
−k1 − k2 , k3 ± ki i = 4, ..., N − 2 2N − 9
(0,−2)
1
2(−k1 − k2 + k3 ± k4 ± ...± v) even # of + 2N−5
−k2 − k3 , k1 ± ki i = 4, ..., N − 2 2N − 9
(1, 1)
1
2(k1 − k2 − k3 ± k4 ± ...± v) even # of + 2N−5
k2 + k3 , −k1 ± ki i = 4, ..., N − 2 2N − 9
(−1,−1)
1
2(−k1 + k2 + k3 ± k4 ± ...± v) even # of + 2N−5
−k1 − k3 , k2 ± ki i = 4, ..., N − 2 2N − 9
(−1, 1)
1
2(−k1 + k2 − k3 ± k4 ± ...± v) even # of + 2N−5
k1 + k3 , −k2 ± ki i = 4, ..., N − 2 2N − 9
(1,−1)
1
2(k1 − k2 + k3 ± k4 ± ...± v) even # of + 2N−5
Table 3: The Magic Star for e
(n)
7 ; v := kN−1 + kN
generalized roots (r, s) # of roots
±(k1 − k2) ±(2, 0) 2
±(k2 − k3) ±(−1, 3) 2
±(k3 − k1) ±(−1,−3) 2
±ki ± kj 4 ≤ i < j ≤ N 2(N − 3)(N − 4)
(0, 0)
1
2(±(k1 + k2 + k3)± k4 ± ...± kN ) even # of + 2N−3
k1 + k2 , −k3 ± ki i = 4, ..., N 2N − 5
(0, 2)
1
2(k1 + k2 − k3 ± k4 ± ...± kN ) even # of + 2N−4
−k1 − k2 , k3 ± ki i = 4, ..., N 2N − 5
(0,−2)
1
2(−k1 − k2 + k3 ± k4 ± ...± kN ) even # of + 2N−4
−k2 − k3 , k1 ± ki i = 4, ..., N 2N − 5
(1, 1)
1
2(k1 − k2 − k3 ± k4 ± ...± kN ) even # of + 2N−4
k2 + k3 , −k1 ± ki i = 4, ..., N 2N − 5
(−1,−1)
1
2(−k1 + k2 + k3 ± k4 ± ...± kN ) even # of + 2N−4
−k1 − k3 , k2 ± ki i = 4, ..., N 2N − 5
(−1, 1)
1
2(−k1 + k2 − k3 ± k4 ± ...± kN ) even # of + 2N−4
k1 + k3 , −k2 ± ki i = 4, ..., N 2N − 5
(1,−1)
1
2(k1 − k2 + k3 ± k4 ± ...± kN ) even # of + 2N−4
Table 4: The Magic Star for e
(n)
8
generalized roots (r, s) # of roots
±(k4 − k5) ±(2, 0) 2
±(k5 − k6) ±(−1, 3) 2
±(k6 − k4) ±(−1,−3) 2
±ki ± kj 7 ≤ i < j ≤ N 2(N − 6)(N − 7)
(0, 0)
1
2(±(k1 + k2 + k3)± (k4 + k5 + k6)± k7...± kN ) even # of + 2N−5
k4 + k5 , −k6 ± ki i = 7, ..., N 2N − 11
(0, 2)
1
2(±(k1 + k2 + k3) + k4 + k5 − k6 ± k7...± kN ) even # of + 2N−6
−k4 − k5 , k6 ± ki i = 7, ..., N 2N − 11
(0,−2)
1
2(±(k1 + k2 + k3)− k4 − k5 + k6 ± k7...± kN ) even # of + 2N−6
−k5 − k6 , k4 ± ki i = 7, ..., N 2N − 11
(1, 1)
1
2(±(k1 + k2 + k3) + k4 − k5 − k6 ± k7...± kN ) even # of + 2N−6
k5 + k6 , −k4 ± ki i = 7, ..., N 2N − 11
(−1,−1)
1
2(±(k1 + k2 + k3)− k4 + k5 + k6 ± k7...± kN ) even # of + 2N−6
−k4 − k6 , k5 ± ki i = 7, ..., N 2N − 11
(−1, 1)
1
2(±(k1 + k2 + k3)− k4 + k5 − k6 ± k7...± kN ) even # of + 2N−6
k4 + k6 , −k5 ± ki i = 7, ..., N 2N − 11
(1,−1)
1
2(±(k1 + k2 + k3) + k4 − k5 + k6 ± k7...± kN ) even # of + 2N−6
Table 5: The Magic Star of e
(n)
6 in the center of the Magic Star of e
(n)
8
